Let n 3. We classify the finite groups which are realised as subgroups of the sphere braid group B n ÔS 2 Õ. 
Introduction
The braid groups B n of the plane were introduced by E. Artin in 1925 [A1, A2] . Braid groups of surfaces were studied by Zariski [Z] . They were later generalised by Fox to braid groups of arbitrary topological spaces via the following definition [FoN] . Let M be a compact, connected surface, and let n È N. We denote the set of all ordered n-tuples of distinct points of M, known as the n configuration space of M, by: Configuration spaces play an important rôle in several branches of mathematics and have been extensively studied, see [CG, FH] for example.
The symmetric group S n on n letters acts freely on F n ÔMÕ by permuting coordinates. The corresponding quotient will be denoted by D n ÔMÕ. The n pure braid group P n ÔMÕ (respectively the n braid group B n ÔMÕ) is defined to be the fundamental group of F n ÔMÕ (respectively of D n ÔMÕ).
Together with the real projective plane RP 2 , the braid groups of the 2-sphere S 2 are of particular interest, notably because they have non-trivial centre [GVB, GG1] , and torsion elements [VB, Mu] . Indeed, Van Buskirk showed that among the braid groups of compact, connected surfaces, B n ÔS 2 Õ and B n ÔRP 2 Õ are the only ones to have torsion [VB] . Let us recall briefly some of the properties of B n ÔS 2 Õ [FVB, GVB, VB] .
S 2 is a topological disc, there is a group homomorphism ι : B n B n ÔS 2 Õ induced by the inclusion. If β È B n , we shall denote its image ιÔβÕ simply by β. Then B n ÔS 2 Õ is generated by σ 1 , . . . , σ n¡1 which are subject to the following relations:
σ i σ j σ j σ i if |i ¡ j| 2 and 1 i, j n ¡ 1 σ i σ i 1 σ i σ i 1 σ i σ i 1 for all 1 i n ¡ 2, and σ 1 ¤ ¤ ¤ σ n¡2 σ 2 n¡1 σ n¡2 ¤ ¤ ¤ σ 1 1. Consequently, B n ÔS 2 Õ is a quotient of B n . The first three sphere braid groups are finite: B 1 ÔS 2 Õ is trivial, B 2 ÔS 2 Õ is cyclic of order 2, and B 3 ÔS 2 Õ is a ZS-metacyclic group (a group whose Sylow subgroups, commutator subgroup and commutator quotient group are all cyclic) of order 12, isomorphic to the semi-direct product Z 3 « Z 4 of cyclic groups, the action being the non-trivial one, which in turn is isomorphic to the dicyclic group Dic 12 of order 12. The Abelianisation of B n ÔS 2 Õ is isomorphic to the cyclic group Z 2Ôn¡1Õ . The kernel of the associated projection ξ : B n ÔS 2 Õ Z 2Ôn¡1Õ (which is defined by ξÔσ i Õ 1 for all 1 i n ¡ 1) is the commutator subgroup Γ 2 B n ÔS 2 Õ¨. If w È B n ÔS 2 Õ then ξÔwÕ is the exponent sum (relative to the σ i ) of w modulo 2Ôn ¡ 1Õ.
Gillette and Van Buskirk showed that if n 3 and k È N then B n ÔS 2 Õ has an element of order k if and only if k divides one of 2n, 2Ôn ¡ 1Õ or 2Ôn ¡ 2Õ [GVB] . The torsion elements of B n ÔS 2 Õ and B n ÔRP 2 Õ were later characterised by Murasugi [Mu] . For B n ÔS 2 Õ, these elements are as follows: THEOREM 1 ( [Mu] ). Let n 3. Then the torsion elements of B n ÔS 2 Õ are precisely powers of conjugates of the following three elements:
(a) α 0 σ 1 ¤ ¤ ¤ σ n¡2 σ n¡1 (which is of order 2n).
n¡2 (of order 2Ôn ¡ 2Õ). The three elements α 0 , α 1 and α 2 are respectively n, Ôn ¡ 1Õ and Ôn ¡ 2Õ roots of ∆ n , where ∆ n is the so-called 'full twist' braid of B n ÔS 2 Õ, defined by ∆ n Ôσ 1 ¤ ¤ ¤ σ n¡1 Õ n . So B n ÔS 2 Õ admits finite cyclic subgroups isomorphic to Z 2n , Z 2Ôn¡1Õ and Z 2Ôn¡2Õ . In [GG2] , we showed that B n ÔS 2 Õ is generated by α 0 and α 1 . If n 3, ∆ n is the unique element of B n ÔS 2 Õ of order 2, and it generates the centre of B n ÔS 2 Õ. It is also the square of the Garside element (or 'half twist') defined by:
T n Ôσ 1 ¤ ¤ ¤ σ n¡1 ÕÔσ 1 ¤ ¤ ¤ σ n¡2 Õ ¤ ¤ ¤ Ôσ 1 σ 2 Õσ 1 .
For n 4, B n ÔS 2 Õ is infinite. It is an interesting question as to which finite groups are realised as subgroups of B n ÔS 2 Õ (apart of course from the cyclic groups Üα i Ý and their subgroups given in Theorem 1). Another question is the following: how many conjugacy classes are there in B n ÔS 2 Õ of a given abstract finite group? As a partial answer to the first question, we proved in [GG2] that B n ÔS 2 Õ contains an isomorphic copy of the finite group B 3 ÔS 2 Õ of order 12 if and only if n 1 mod 3.
While studying the lower central and derived series of the sphere braid groups, we showed that Γ 2 B 4 ÔS 2 Õ¨is isomorphic to a semi-direct product of Q 8 by a free group of rank 2 [GG3] . After having proved this result, we noticed that the question of the realisation of Q 8 as a subgroup of B n ÔS 2 Õ had been explicitly posed by R. Brown [ATD] in connection with the Dirac string trick [F, N] and the fact that the fundamental group of SOÔ3Õ is isomorphic to Z 2 . The case n 4 was studied by J. G. Thompson [ThJ] . In a previous paper, we provided a complete answer to this question: As we also pointed out in [GG4] , for all n 3, the construction of Q 8 may be generalised in order to obtain a subgroup Üα 0 , T n Ý of B n ÔS 2 Õ isomorphic to the dicyclic group Dic 4n of order 4n.
It is thus natural to ask which other finite groups are realised as subgroups of B n ÔS 2 Õ.
One common property of the above subgroups is that they are finite periodic groups of cohomological period 2 or 4. In fact, this is true for all finite subgroups of B n ÔS 2 Õ. Indeed, by [GG2] , the universal covering X of F n ÔS 2 Õ is a finite-dimensional complex which has the homotopy type of S 3 (we were recently informed by V. Lin that X is biholomorphic to the direct product of SLÔ2, CÕ by the Teichmüller space of the npunctured Riemann sphere [Li] ). Thus any finite subgroup of B n ÔS 2 Õ acts freely on X, and so has period 2 or 4 by Proposition 10.2, Section 10, Chapter VII of [Br] . Since ∆ n is the unique element of order 2 of B n ÔS 2 Õ, and it generates the centre ZÔB n ÔS 2 ÕÕ, the Milnor property must be satisfied for any finite subgroup of B n ÔS 2 Õ. Recall also that a finite periodic group G satisfies the p 2 -condition (if p is prime and divides the order of G then G has no subgroup isomorphic to Z p ¢ Z p ), which implies that a Sylow p-subgroup of G is cyclic or generalised quaternion, as well as the 2p-condition (each subgroup of order 2p is cyclic). The classification of finite periodic groups is given by the Suzuki-Zassenhaus theorem (see [AM, ThC] for example), and thus provides a possible line of attack for the subgroup realisation problem. The periods of the different families of these groups were determined in a series of papers by Golasiński and Gonçalves [GoG1, GoG2, GoG3, GoG4, GoG5, GoG6] , and so in theory we may obtain a list of those of period 4. A list of all periodic groups of period 4 is provided in [ThC] . However, in the current context, a more direct approach is obtained via the relationship between the braid groups and the mapping class groups of S 2 , which we shall now recall.
For n È N, let M 0,n denote the mapping class group of the n-punctured sphere. We allow the n marked points to be permuted. If n 2, a presentation of M 0,n is obtained from that of B n ÔS 2 Õ by adding the relation ∆ n 1 [Ma, MKS] . In other words, we have the following central extension:
If n 2, B 2 ÔS 2 Õ M 0,2 Z 2 . For n 3, since M 0,3 S 3 , this short exact sequence does not split, and in fact for n 4 it does not split either [GVB] . This exact sequence may also be obtained in the following manner [Bi] . Let Diff S 2d enote the group of orientation-preserving homeomorphisms of S 2 , and let X È D n ÔS 2 Õ. 
The homomorphism δ : B n ÔS 2 Õ M 0,n is the boundary operator which we shall use in Section 3 in order to describe the geometric realisation of the finite subgroups of B n ÔS 2 Õ. If n 3 then π 1 Diff S 2 , X¨¨ Ø1Ù [EE, Hm, Sc] , and we thus recover equation (1) (the interpretation of the Dirac string trick in terms of the sphere braid groups [F, Hn, N] gives rise to the identification of π 1 Diff S 2¨¨w ith Ü∆ n Ý).
In a recent paper, Stukow applies Kerckhoff's solution of the Nielsen realisation problem [K] to classify the finite maximal subgroups of M 0,n [St] . Applying his results to equation (1), we shall see in Section 2 that their counterparts in B n ÔS 2 Õ are cyclic, dicyclic and binary polyhedral groups: THEOREM 3. Let n 3. The maximal finite subgroups of B n ÔS 2 Õ are: (a) If n is odd then the only finite subgroups of B n ÔS 2 Õ are cyclic or dicyclic. In the latter case, the dicyclic group Dic 4n (resp. Dic 4Ôn¡2Õ ) is ZS-metacyclic [CM] , and is isomorphic to Z n « Z 4 (resp. Z n¡2 « Z 4 ), where the action is multiplication by ¡1.
(b) If n is even then one of the binary tetrahedral or octahedral groups is realised as a maximal finite subgroup of B n ÔS 2 Õ. Further, since T 1 is a subgroup of O 1 , T 1 is realised as a subgroup of B n ÔS 2 Õ for all n even, n 4.
(c) The groups of Theorem 3 and their subgroups are the finite groups of quaternions [Co] . 2 . In Section 3, we explain how to obtain geometrically the subgroups of Theorem 3, and we also give explicit group presentations of the cyclic and dicyclic subgroups, as well as in the special case T 1 for n 4.
In order to understand better the finite subgroups of B n ÔS 2 Õ, it is often useful to know their relationship with the three classes of elements described in Theorem 1. This shall be carried out in Proposition 15 (see Section 4). 
where pÔGÕ is a finite subgroup of M 0,n of order |G| 2 . REMARK 10. In the case n 3, M 0,3 is isomorphic to D 6 , obtained as a maximal subgroup in part (b) of Theorem 9, and so its subgroup isomorphic to Z 2 is not maximal. This explains the discrepancy between the value of n in part (a) of Theorems 3 and 9.
Proof of Theorem 3. By Remarks 8, we just need to check that the given groups are those obtained as extensions of Ü∆ n Ý by the groups of Theorem 9. We start by making some preliminary remarks. Let H be one of the finite maximal subgroups of M 0,n , and let G be a finite (maximal) subgroup of B n ÔS 2 Õ of order 2 |H| which fits into the following short exact sequence:
where ∆ n È G belongs to the centre of G, and is the unique element of G of order 2. Then G p ¡1 ÔHÕ, and so is unique. Suppose that y È H is of order k 2. Then y has two preimages in G, of the form x and x∆ n , say, and x is of order k or 2k. If k is even then by Remarks 8(c), x must be of order 2k, x k ∆ n and ∆ n È ÜxÝ. If k is odd then x is of order k (resp. 2k) if and only if x∆ n is of order 2k (resp. k).
A presentation of G may be obtained by applying standard results concerning the presentation of an extension (see Theorem 1, Chapter 13 of [J] ). If H is generated by
, that of Ker ÔpÕ. Since Ker ÔpÕ ZÔGÕ, the remaining relations of G are obtained by rewriting the relators of H in terms of the coset representatives, and expressing the corresponding element in the form ∆ ε n , where ε È Ø0, 1Ù.
We consider the six cases of Theorem 9 as follows. (a) H Z n¡1 : let y be a generator of H, and let x È G be such that pÔxÕ y. Then G Ü∆ n , xÝ and |G| 2Ôn ¡ 1Õ. If n is odd then ∆ n È ÜxÝ, G ÜxÝ, and x is of order 2Ôn ¡ 1Õ. If n is even then G Üx∆ n Ý (resp. G ÜxÝ) if x is of order n ¡ 1 (resp. 2Ôn ¡ 1Õ), and G Z 2Ôn¡1Õ in both cases.
(b) H
D 2n : let y, z È H be such that oÔyÕ n, oÔzÕ 2 and zyz ¡1 y ¡1 , and let x, w È G be such that pÔxÕ y and pÔwÕ z. So G Ü∆ n , x, wÝ and |G| 4n. From above, it follows that w 2 ∆ n , so G Üx, wÝ. If n is even then x is of order 2n and and G 2 are isomorphic. Conversely, suppose that G 1 and G 2 are isomorphic via an isomorphism α : G 1 G 2 . Since ∆ n belongs to both, and is the unique element of order 2, we must have αÔ∆ n Õ ∆ n , and thus α induces an isomorphism Ö α : 
and so projects to an isomorphism between the H i . From Remarks 11(b), G 1 and G 2 are conjugate if and only if H 1 and H 2 are, and so the number of conjugacy classes of subgroups of B n ÔS 2 Õ isomorphic to G 1 is the same as the number of conjugacy classes of subgroups of M 0,n isomorphic to H 1 . The result follows from the proof of Theorem 3 by remarking that a subgroup of M 0,n isomorphic to Z 2 (resp. D 2r ) lifts to a subgroup of B n ÔS 2 Õ which is isomorphic to Z 4 (resp. Dic 4r ).
Realisation of the maximal finite subgroups of B n ÔS

Õ
In this section, we analyse the geometric and algebraic realisations of the subgroups given in Theorem 3.
The algebraic realisation of some finite subgroups of B n ÔS
Õ
The maximal cyclic and dicyclic subgroups of B n ÔS 2 Õ may be realised as follows:
(c) The algebraic realisation of Dic 4Ôn¡2Õ is given by the following proposition:
0 . We know that x is of order 2Ôn ¡ 2Õ, and that x n¡1 ∆ n T 2 n .
Further, by standard properties of the corresponding elements in B n [Bi] 
, and
Thus Üx, T n Ý is isomorphic to a quotient of Dic 4Ôn¡2Õ . But T n Ê ÜxÝ, so Üx, T n Ý contains the 2Ôn ¡ 2Õ 1 distinct elements of ÜxÝ ØT n Ù, and the result follows.
REMARK 13. In the special case n 4, the binary tetrahedral group T 1 may be realised as follows. 
Ôσ 2 σ 3 Õ 3 )
(by the Artin braid relations)
y (by the action of T 4 on y).
Further,
T 4 y (since T 2 4 is central).
REMARK 14. We also have an algebraic representation of
2 , and
Then we claim that Üγ, δÝ Q 8 « Z 3 T 1 , where the action permutes the elements i, j, k of Q 8 . First, γ 3 δ 2 ∆ 6 . We now consider the subgroup H δ, γδγ ¡1 . The action of conjugation by γ permutes cyclically the elements δ, γδγ ¡1 and γδ 2 γ ¡1 , so is compatible with the action of Z 3 on Q 8 . It just remains to show that H Q 8 . Clearly
Set ρ σ 5 σ 4 σ 3 , γ ½ ργρ ¡1 and δ ½ ρδρ ¡1 . Then equation (5) is in turn equivalent to:
We shall show that the latter relation holds. Notice that
since conjugation by α 0 permutes cyclically the elements σ 1 , σ 2 , σ 3 , σ 4 , σ 5 and τ α 0 σ 5 α ¡1
. Thus
3 . To prove that Öδ ½¡1 , γ ½ × 2 ∆ 6 α 6 0 , it suffices to show that ξα 2 0 1. Now
This proves the claim, so Üγ, δÝ T 1 .
The geometric realisation of the finite subgroups of B n ÔS
Õ
The geometric realisation of the finite subgroups may be obtained by letting the corresponding subgroup of M 0,n act on the sphere with the n strings attached in an appropriate manner. For the subgroups Dic 4n , Z 2Ôn¡1Õ and Dic 4Ôn¡2Õ , we attach strings to n symmetrically-distributed points (resp. n ¡ 1, n ¡ 2 points) on the equator, and 0 (resp. 1, 2) points at the poles. For T 1 , O 1 and I, the n strings are attached symmetrically with respect to the associated regular polyhedron (for the values of n given by Theorem 3) in the following manner.
(d) Let H
A 4 be the group of orientation-preserving symmetries of the tetrahedron. Then n 6k 4, k 0, and we take k equally-spaced points in the interior of each edge, plus one point at each vertex (or face). (e) Let H S 4 be the group of orientation-preserving symmetries of the cube (or octahedron).
(i) n 12k, k È N: take k equally-spaced points in the interior of each edge.
(ii) n 12k 2, k È N: take k ¡ 1 equally-spaced points in the interior of each edge, plus one point at each vertex and on each face. (iii) n 12k 6, k 0: take k equally-spaced points in the interior of each edge, plus one point on each face. (iv) n 12k 8, k 0: take k equally-spaced points in the interior of each edge, plus one point at each vertex. (f) Let H A 5 be the group of orientation-preserving symmetries of the icosahedron (or dodecahedron), which has 12 faces, 30 edges and 20 vertices.
(i) n 30k, k È N: take k equally-spaced points in the interior of each edge.
(ii) n 30k 2, k È N: take k ¡ 1 equally-spaced points in the interior of each edge, plus one point at each vertex and on each face. (iii) n 30k 12, k 0: take k equally-spaced points in the interior of each edge, plus one point on each face. (iv) n 30k 20, k 0: take k equally-spaced points in the interior of each edge, plus one point at each vertex.
In each case, the action of the given group H of symmetries yields the corresponding maximal finite subgroup of B n ÔS 2 Õ. This follows essentially from the definition of the boundary operator : π 1 ÔD n ÔS 2 ÕÕ π 0 Diff S 2 , X¨¨in the long exact sequence (2)
which we now describe in detail in our setting. As in Section 1, let X be the basepoint in D n ÔS 2 Õ, and let ψ : Diff S 2¨ D n ÔS 2 Õ denote evaluation on X. So if g È Diff S 2ẗ hen ψÔgÕ gÔXÕ. Let Id S 2 be the basepoint in Diff S 2¨, so that ψÔId S 2 Õ X. Let β È B n ÔS 2 Õ be a braid, and let f : Ö0, 1× D n ÔS 2 Õ be a geometric braid which represents β. So f Ô0Õ f Ô1Õ X, and the loop class ÜfÝ in B n ÔS 2 Õ is equal to β. Then f lifts to Conversely, if g È Diff S 2¨s atisfies gÔXÕ X, let h : Ö0, 1× Diff S 2¨b e an isotopy from hÔ0Õ Id S 2 to hÔ1Õ g. Then ψ ¥ h is a loop in D n ÔS 2 Õ based at X, so describes a geometric braid obtained by attaching strings at the points of X and following the isotopy h. In S 2 ¢ Ö0, 1×, the strings are given by ØÔψ ¥ hÔtÕ, tÕÙ tÈÖ0,1× ØÔhÔtÕÔXÕ, tÕÙ tÈÖ0,1× . Thus Üψ ¥ hÝ È B n ÔS 2 Õ is a braid, and by the above construction, ÔÜψ ¥ hÝÕ ÖhÔ1Õ× Ög×. In other words, a choice of isotopy h between the identity and g È Diff S 2 , X¨allows us to lift the mapping class Ög× to a preimage β Üψ ¥ hÝ under which is obtained geometrically by attaching strings to X during the isotopy h.
Let r : Ö0, 1× Diff S 2¨d enote rigid rotation through an angle 2π. So rÔ0Õ rÔ1Õ Id S 2 , the loop class ÜrÝ generates π 1 Diff S 2¨¨ Z 2 , and thus Üψ ¥ rÝ ψ ¦ ÔÜrÝÕ ∆ n since ψ ¦ : π 1 Diff S 2¨¨ B n ÔS 2 Õ is injective. The second preimage of Ög× under is obtained by considering the isotopy h ½ : Ö0, 1× Diff S 2¨w hich is the isotopy h followed by r. The braids Üψ ¥ hÝ and Üψ ¥ h ½ Ý differ by Üψ ¥ rÝ ∆ n , and thus define the two preimages of Ög× under . Finally, each finite subgroup H of M 0,n is realised by a finite subgroup of isometries of S 2 (which are the finite subgroups of SOÔ3Õ) [K] . Each element of H admits two preimages in B n ÔS 2 Õ which differ by ∆ n . These preimages thus make up the finite subgroup ¡1 ÔHÕ of B n ÔS 2 Õ whose order is twice that of H.
Position of the finite subgroups of B n ÔS
2 Õ relative to Murasugi's classification Let n 4 be even. For i 0, 1, 2, let G i be the set of torsion elements of B n ÔS 2 Õ whose order divides 2Ôn ¡ iÕ. Equivalently, by Theorem 1, G i is the set of conjugates of powers of α i . Notice that G i is invariant under conjugation, G i G j Ü∆ n Ý for all 0 i j 2, and G 0 G 1 G 2 is the set of torsion elements of B n ÔS 2 Õ. For many purposes, it is often useful to know where a finite subgroup H of B n ÔS 2 Õ lies relative to the G i . In this section, we carry out this calculation for all such subgroups. (II) Now suppose that H is a subgroup of a maximal non-cyclic subgroup of B n ÔS 2 Õ.
We consider the possible cases in turn.
(a) Firstly, let H be a subgroup of the dicyclic group Dic 4n , which up to conjugation may be assumed to be Üα 0 , T n Ý Üα 0 Ý T n Üα 0 Ý. We first suppose that n is odd. Then Üα 0 Ý G 0 , and the coset T n Üα 0 Ý consists of the elements of Dic 4n of order 4, so lies in G 1 . The group Dic 4n fits into a short exact sequence: 4Ô1 3lÕ, l È N, and so Q 8 is contained in G 0 , while if n 10 mod 12 then n 10 12l 2Ô5 6lÕ, l È N, and so Q 8 is contained in G 2 . The remaining elements of H are of order 3 or 6, and since n 4 mod 6, lie in G 1 . So if n 4 mod 12 (resp. n 10 mod 12) then H lies in G 0 G 1 (resp. G 2 G 1 ) and meets both G 0 (resp. G 2 ) and G 1 .
From this, we deduce immediately the following: if H is isomorphic to Z 3 or Z 6 then it is contained in G 1 , and if it is isomorphic to Z 4 or Q 8 then it is contained in G 0 if n 4 mod 12, and in G 2 if n 10 mod 12. (c) Suppose that H is a subgroup of a copy of I when I is maximal, so n 0, 2, 12, 20 mod 30. Assume first that H I. So I has a subgroup isomorphic to T 1 , whose copy of Q 8 lies entirely in G 0 or G 2 . The subgroups of order 8 of H are its Sylow 2-subgroups, so are conjugate, and thus all lie either in G 0 or in G 2 . Hence from the analysis of the dicyclic case, 2 divides n 2 or n¡2 2 . Further, all elements of H of order 4 are contained in one of its subgroups isomorphic to Q 8 (because the order 2 elements of A 5 are the product of two transpositions, and are contained in a subgroup isomorphic to Z 2 Z 2 , which lifts to Q 8 in I). Hence all order 4 elements of H lie either in G 0 if 4 n, or in G 2 if 4 n ¡ 2. The remaining elements of H are of order 3, 6, 5 and 10, and lie in either G 0 or G 2 depending on the value of n modulo the order. Thus H lies entirely in G 0 (resp. G 2 ) if n 0 mod 60 (resp. n 2 mod 60), and lies in G 0 G 2 and meets both G 0 and G 2 if n 12, 20, 30, 32, 42, 50 mod 60.
We now consider the other possibilities for subgroups of I: if H is isomorphic to either Z 3 or Z 6 , it is contained in G 0 if n 0, 12 mod 30, and in G 2 if n 2, 20 mod 30; if H is isomorphic to either Z 5 or Z 10 , it is contained in G 0 if n 0, 20 mod 30, and in G 2 if n 2, 12 mod 30; and if H is isomorphic to either Z 4 or Q 8 , it is contained in G 0 if n 0, 12, 20, 32 mod 60, and in G 2 if n 2, 30, 42, 50 mod 60. Next, if H is isomorphic to T 1 , it consists of a copy of Q 8 and elements of order 3 and 6, so lies in G 0 if n 0, 12 mod 60, in G 2 if n 2, 50 mod 60, and lies in G 0 G 2 and meets both G 0 and G 2 if n 20, 30, 32, 42 mod 60. Now suppose that H is isomorphic to Then it has a subgroup isomorphic to T 1 (which is unique since S 4 has a unique subgroup abstractly isomorphic to A 4 ), and the copy of Q 8 lying in T 1 lies entirely in G 0 if n 0, 8 mod 12, and in G 2 if n 2, 6 mod 12. The complement of this copy of Q 8 in T 1 consists of elements of order 3 and 6, and so lie in G 0 if n 0 mod 6 and in G 2 if n 2 mod 6 (thus the subgroups of O 1 isomorphic to Z 3 and Z 6 lie in G 0 if n 0 mod 6 and in G 2 if n 2 mod 6). Thus T 1 lies in G 0 if n 0 mod 12, in G 2 if n 2 mod 12, and lies in G 0 G 2 and meets both G 0 and G 2 if n 6, 8 mod 12.
In order to analyse the remaining possible subgroups Q 16 , Dic 12 , Dic 20 of O 1 , as well as the other copy of Q 8 lying in Q 16 , we must study the elements of HÞT 1 . They project to elements of S 4 ÞA 4 , which are either 4-cycles, or transpositions. We analyse the geometric formulation of O 1 described in Section 3 as being obtained from the action of S 4 on a cube, with the n strings attached appropriately. The 4-cycles are realised by rotations by πß2 about an axis which passes through the centres of two opposite faces. This gives rise to an element of G 0 if the n marked points are not these central points (i.e. if n 0, 8 mod 12), and to elements of G 2 if some of the n marked points are central points of the faces (i.e. if n 2, 6 mod 12). The transpositions are realised by rotations by π about an axis which passes through the centres of two diagonallyopposite edges. This gives rise to an element of G 0 if there are an even number of marked points on each edge (i.e. if n 0, 6, 8, 14 mod 24), and to elements of G 2 if there are an odd number of marked points on each edge (i.e. if n 2, 12, 18, 20 mod 24). Putting together these results with those for T 1 , if H O 1 , we conclude that it lies in G 0 if n 0 mod 24, in G 2 if n 2 mod 24, and lies in G 0 G 2 and meets both G 0 and G 2 if n 6, 8, 12, 14, 18, 20 mod 24. Now suppose that H is a subgroup of a copy of O 1 isomorphic to Q 16 . Such subgroups are the Sylow 2-subgroups of O 1 , so are conjugate. If n 0 mod 24 (resp. n 2 mod 24) then O 1 lies in G 0 (resp. G 2 ), and hence so does Q 16 . So suppose that n 0, 2 mod 24. Any subgroup of O 1 isomorphic to Q 16 contains elements of order 8 which lie in O 1 ÞT 1 , and so are associated with the above 4-cycles. Further, H projects to a subgroup of S 4 isomorphic to D 8 which is generated by a 4-cycle and a transposition. Studying the associated rotations as above, if one has fixed points and the other not then automatically H lies in G 0 G 2 and meets both G 0 and G 2 . This occurs when n 6, 12, 14, 20 mod 24. So suppose that n 8, 18 mod 24.
If n 8 mod 24 (resp. n 18 mod 24) then the elements of H corresponding to the 4-cycles and the transpositions of D 8 belong to G 0 (resp. G 2 ). Further, the remaining elements of D 8 are products of such elements, and so the corresponding elements in H are also elements of T 1 Q 8 « Z 3 of order 4. But such elements lie in the Q 8 -factor. Since n 8 mod 12 (resp. n 6 mod 12), this copy of Q 8 lies in G 0 (resp. G 2 ), and hence so does the given subgroup Q 16 . Summing up, H lies in G 0 if n 0, 8 mod 24, in G 2 if n 2, 18 mod 24, and lies in G 0 G 2 and meets both G 0 and G 2 if n 6, 12, 14, 20 mod 24. Now suppose that H is a subgroup of a copy of O 1 isomorphic to Dic 12 . If n 0 mod 24 (resp. n 2 mod 24) then O 1 lies in G 0 (resp. G 2 ), and hence so does H. So suppose that n 0, 2 mod 24. Any subgroup of O 1 isomorphic to H projects onto a subgroup of S 4 isomorphic to S 3 which consists of 3-cycles and transpositions. In this section, we consider the realisation of the finite subgroups of Theorem 3 as subgroups of the lower central Γ i ÔB n ÔS 2 ÕÕ and derived series ÔB n ÔS 2 Õ ÔiÕ Õ of B n ÔS 2 Õ. By [GG4] , we already know that if 4 n then Γ 2 ÔB n ÔS 2 ÕÕ has a subgroup isomorphic to Q 8 . If n 4 is even but not divisible by 4, we may ask if the same result is true if 4 ∤ n. We start by proving Theorem 6, which is the case of the dicyclic groups. We then then complete the analysis of the other finite subgroups in Proposition 16.
Proof of Theorem 6. Suppose that n is even. Let N È Øn ¡ 2, nÙ, set N 2 l k where l È N and k is odd, and let x α 0 (resp. x α 0 α 2 α ¡1 0 ) if N n (resp. N n ¡ 2). (a) Since B n ÔS 2 Õ has a subgroup Üx, T n Ý isomorphic to Dic 4N Dic 2 l 2 k , the statement is true for j 0. So suppose the result holds for some j È Ø0, 1, . . . , l ¡ 1Ù. Then B n ÔS 2 Õ contains 2 j copies of Dic 2 l 2¡j k of the form x 2 j , x i T n , for i 0, 1, . . . , 2 j ¡ 1. Hence
∆ n , and
it follows that x 2 j 1 , x Ô2 j iÕ T n is also a subgroup of x 2 j , x i T n isomorphic to Dic 2 l 1¡j k .
If q is any divisor of k, then replacing x by x q yields also 2 j copies x 2 j q , x iq T n , i 0, 1, . . . , 2 j ¡ 1, of Dic 2 l 2¡j kßq for j È Ø0, 1, . . . , lÙ.
(b) If j 0, the statement holds trivially. So suppose that j 1. From part (a),
x 2 j q , x iq T n and x 2 j q , x i ½ q T n are subgroups of B n ÔS 2 Õ isomorphic to Dic 2 l 2¡j kßq . Under the Abelianisation homomorphism ξ : B n ÔS 2 Õ Z 2Ôn¡1Õ , ξÔxÕ n ¡ 1, and Proof of Proposition 7. We use the notation of the proof of Theorem 6. If j 0 and q is an odd divisor of n then there is just one conjugacy class of the abstract group Dic 4nßq , which is realised as Üx q , T n Ý. Now x q Ê Γ 2 ÔB n ÔS 2 ÕÕ, so Dic 4nßq Γ 2 ÔB n ÔS 2 ÕÕ.
If j 1 then as we saw in the proof of Theorem 6, x 2 j q , x iq T n Γ 2 ÔB n ÔS 2 ÕÕ if and only if n 2 i is even. So with i 0, 1, one of x 2 j q , T n and x 2 j q , x q T n is contained in Γ 2 ÔB n ÔS 2 ÕÕ, while the other is not.
Finally, let N be the element of Øn, n ¡ 2Ù divisible by 4. Then l 2, and taking q k and j l ¡ 1, from the previous paragraph, one of x Nß2 , T n and x Nß2 , x k T n (the two non-conjugate copies of Q 8 ) belongs to Γ 2 ÔB n ÔS 2 ÕÕ, the other not.
We now give the analogous result for the cyclic and binary polyhedral subgroups of 
Now suppose that H is isomorphic to T 1 in the case that T 1 is maximal, so that n 4 mod 6. If G is isomorphic to T 1 , Z 6 or Z 3 then the order 3 elements lie in G 1 Þ Ü∆ n Ý, and from the cyclic case, it follows that G Γ 2 . So assume that G is isomorphic to either Z 4 or Q 8 . Since Q 8 is generated by elements of order 4, it suffices to analyse the case Z 4 . By Proposition 15, G lies in G 0 if n 4 mod 12, and in G 2 if n 10 mod 12. In both cases, G Γ 2 by equation (6). Now suppose that H is isomorphic to I in the case that I is maximal, so that n 0, 2, 12, 20 mod 30. We claim that G Γ 2 whatever the value of n. To see this, it suffices to check that all of the maximal cyclic subgroups Z 4 , Z 6 , Z 10 of I are contained in Γ 2 . This follows easily from Proposition 15 and equation (6). Now suppose that H is isomorphic to O 1 in the case that O 1 is maximal, so that n 0, 2 mod 6. Again it suffices to consider the maximal cyclic subgroups Z 4 , Z 6 and Z 8 of O 1 . Applying Proposition 15 and equation (6), we obtain the following results: -if G is isomorphic to Z 8 , it projects to a subgroup of S 4 generated by a 4-cycle. Then G G 0 if n 0, 8 mod 12, and G G 2 if n 2, 6 mod 12, and so G Γ 2 if n 0, 2, 8, 18 mod 24, and G Γ 2 if n 6, 12, 14, 20 mod 24.
-if G is isomorphic to Z 6 then G Γ 2 .
-if G is isomorphic to Z 4 , there are two possibilities. If G lies in the subgroup K of O 1 isomorphic to T 1 then G Γ 2 . Otherwise G is generated by an element of order 4 not belonging to K, in which case we obtain the same answer as for Z 8 . Since every cyclic subgroup of order 3 of O 1 is contained in one of order 6, this gives the results if G is cyclic. Suppose now that G K. Then G is generated by the elements of order 6 and the elements of order 4 belonging to K, so G Γ 2 .
If G is abstractly isomorphic to Q 16 then it is generated by elements of order 8, elements of order 4 lying in K, and elements of order 4 not lying in K. From above, we have that G Γ 2 if n 0, 2, 8, 18 mod 24, and G Γ 2 if n 6, 12, 14, 20 mod 24.
If G is abstractly isomorphic to Q 8 then there are two possibilities: either G lies in K, so is contained in Γ 2 , or else it is generated by elements of order 4 not belonging to K. In this case, from above, G Γ 2 if n 0, 2, 8, 18 mod 24, and G Γ 2 if n 6, 12, 14, 20 mod 24.
Finally, suppose that G is abstractly isomorphic to Dic 12 . Then it projects to a copy of S 3 in S 4 . From above, it follows that G Γ 2 if n 0, 2, 8, 18 mod 24, and G Γ 2 if n 6, 12, 14, 20 mod 24.
REMARK 17. Having dealt with the behaviour of the finite subgroups relative to the commutator subgroup of B n ÔS 2 Õ, one might ask what happens for the higher elements of the lower central series Γ i ÔB n ÔS 2 ÕÕ´n ÈN and of the derived series B n ÔS 2 Õ¨Ô iÕ µ i 0 of B n ÔS 2 Õ. But if n 2 (resp. n 5), the lower central series (resp. derived series) of B n ÔS 2 Õ is stationary from the commutator subgroup onwards [GG3] . It just remains to look at the derived series of B 4 ÔS 2 Õ. Recall from that paper that ÔB 4 ÔS 2 ÕÕ Ô1Õ is a semi-direct product of Q 8 by a free group F 2 of rank two, that ÔB 4 ÔS 2 ÕÕ Ô2Õ is a semi-direct product of Q 8 by the derived subgroup ÔF 2 Õ Ô1Õ of F 2 , that ÔB 4 ÔS 2 ÕÕ Ô3Õ is the direct product of Ü∆ 4 Ý by ÔF 2 Õ Ô2Õ , and that ÔB 4 ÔS 2 ÕÕ Ôi 1Õ ÔF 2 Õ ÔiÕ for all i 3. Thus there is a copy of Q 8 which lies in ÔB 4 ÔS 2 ÕÕ Ô2Õ but not in ÔB 4 ÔS 2 ÕÕ Ô3Õ . The full twist remains until ÔB 4 ÔS 2 ÕÕ Ô3Õ , and then ÔB 4 ÔS 2 ÕÕ Ô4Õ is torsion free.
A proof of Murasugi's theorem
Let H 1 , H 2 be isomorphic finite cyclic subgroups of M 0,n . From Theorem 9, if n is odd, or if n is even and |H 1 | |H 2 | 2 then H 1 and H 2 are conjugate. If n is even, there are exactly two conjugacy classes of subgroups of M 0,n of order 2, and thus there are exactly two conjugacy classes of subgroups of B n ÔS 2 Õ of order 4. Proof of Theorem 1. Let x È B n ÔS 2 Õ be a torsion element. Then ÜxÝ is contained in a maximal cyclic subgroup C of one of the maximal finite subgroups G of B n ÔS 2 Õ given by Theorem 3.
First suppose that n is odd. and Dic 4Ôn¡2Õ , then C is one of Z 2Ôn¡1Õ , Z 2n , Z 2Ôn¡2Õ , and so is isomorphic to Üα 1 Ý, Üα 0 Ý, and Üα 2 Ý respectively. If G T 1 (so n 4 mod 6) then C Z 6 , and so is conjugate to α Ôn¡1Õß3 1 . If G O 1 (so n 0, 2 mod 6) then C Z 6 or C Z 8 , and so is conjugate to if n 2, 12 mod 30. In all cases, x is conjugate to a power of one of α 0 , α 1 and α 2 , which completes the proof of the theorem.
